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Binomial distribution at different n and p
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Carl Friedrich Gauss (1777-1855)

Developed Normal (Gaussian) distribution to 
describe measurement error
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Normal approximation

n must be large, say >100
If np > 5, use Normal approximation

Binomialn,p(x) ∝ Pµ,σ(x) =

where mean µ = np and variance σ2 = np(1-p)
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Siméon D. Poisson (1781-1840)

Book on “Research on the 
Probability of Judgments in 
Criminal and Civil Matters” 
His distribution described 
time till some rare event 
happens
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Poisson approximation

If np is about 1-4, use Poisson approximation

Binomialn,p(x) ∝ Pλ(k) =

where λ = np
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Problem

n
p 100 250 1000
0.5 ? ? ?
0.01 ? ? ?
0.001 ? ? ?

What approximation would you use under these 
scenarios?
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Solution

Table of np’s:

Approximation:

n
p 100 250 1000
0.5 50 125 500
0.01 1 2.5 10
0.001 0.1 0.25 1

n
p 10 25 100
0.5 N N N
0.01 P P N
0.001 P P P
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Approximating Binomial at p=0.5

Green: Normal approximation
Red: Poisson approximation
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Approximating Binomial at p=0.1

Green: Normal approximation
Red: Poisson approximation

N=10

0
0.1
0.2

0.3
0.4
0.5

1 2 3 4 5 6 7 8 9 10 11 12 13

k

N=25

0

0.1

0.2

0.3

1 2 3 4 5 6 7 8 9 10 11 12 13

k

N=100

0

0.1

0.2

k



GE02, Oct 22 – Nov 23 2007 © 2004-2007 Yurii Aulchenko Erasmus MC Rotterdam

Approximating Binomial at p=0.01

Green: Normal approximation
Red: Poisson approximation
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Approximating Binomial(k≤x)

Binomialn,p(k) ∝ Pλ(k) =
where λ = np

Binomialn,p(k≤x) ∝ Pλ(k≤x) = ∑
∞−

− ⋅x x

x
e
!
λλ



GE02, Oct 22 – Nov 23 2007 © 2004-2007 Yurii Aulchenko Erasmus MC Rotterdam

Pλ(k≤x)

Probability to sample 0 alleles with frequency of 0.01 
among 100 chromosomes: 
n=100, p=0.01, k=0, λ=np=1 
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Problem

A mutation of microsatellite marker occurs in rate 
of 10-3 per meiosis
In a complex pedigree, including 1500 meioses, 2 
Mendelian errors were observed

P1: What is the chance to have 2 or more errors 
under assumption that all errors represent new 
mutations?
P2: What would be the number of errors, after 
which you would conclude that there is 
genotyping error (at α=0.05)?
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Solution P1: Binomial

P(k≥2) = 1 – P(k≤1) = 
1 – P(k=1) – P(k=0) = 
1 – 1500 ⋅ 0.001 ⋅ 0.9991499 – 0.9991500 =

0.442
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Solution P2: Binomial

Idea: compute
P(k≥2)
P(k≥3)
P(k≥4)
P(k≥5)
P(k≥6)
…

And check when it becomes ≤ 0.05
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Solution P1: Poisson

P(k≥2) = 1 – P(k≤1)

λ = np = 1500 ⋅ 10-3 = 1.5

Using the table
Pλ=1.5(k≥2) = 1 – Pλ=1.5(k≤1) = 

1 – 0.558 = 0.442
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Solution P2: Poisson

P(k≥X) = 1 – P(k≤[X–1]) ≤ 0.05
P(k≤[X-1]) ≥ 0.95

Idea: check the column with λ = 1.5 and see at 
what k it becomes more then 0.95, then add 1 to 
this number

Answer: 5 errors
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Standard Normal

Normal density function with mean 0 and 
variance 1:

Its integral is termed Normal distribution:
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Standard Normal

We know a lot about this function and many 
statistical techniques are based on that
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Facts about Standard Normal

It is symmetric distribution, therefore

φ(-x) = φ(x)

It has area of 1, therefore

Φ(x) = 1 - Φ(-x)
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Facts about Standard Normal

P(x≤1) = 0.84 P(-1≤x≤1) = 2 (1 – 0.84) = 0.32 
P(x≤2) = 0.977 P(-2≤x≤2) = 2 (1 – 0.977) = 0.955
P(x≤3) = 0.999 P(-3≤x≤3) = 2 (1 – 0.999) = 0.997

P(x≤1.64) = 0.95 P(-1.64≤x≤1.64) = 0.90
P(x≤1.96) = 0.975 P(-1.96≤x≤1.96) = 0.95
P(x≤2.57) = 0.995 P(-2.32≤x≤2.57) = 0.99
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P(x≤Z)=Φ(Z)
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Approximating Binomial with Normal
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Using Standard Normal
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Problem

Coin is tossed 200 times. 
Estimate probability that the number of heads is 
between 95 and 105, included – that is to say 
that it deviates from 100 by 5 at most

Suggestion
n>100, np=100 ⇒ use Normal approximation
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Solution

The parameters of the Binomial are µ=np=100 and 
variance σ2 = np(1-p)=50 (then σ is 7.07)

Φ(0.78) – Φ(-0.78) = Φ(0.78) – (1 – Φ(0.78)) = 
2 Φ(0.78) – 1 = ???
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Number!

Φ(0.778) – Φ(-0.778) = 
1 – 2xΦ(0.778) = 

2x0.782 – 1 = 
= 0.56

We leave exact (Binomial) 
computations and comparison 
for the exercises session
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Problem

Frequency of  a disease allele is 0.03
In a sample of 100 people

What number of carrier is expected?
What is the chance to have 10 or more carriers?

Assume HWE
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Solution

Carrier frequency is roughly 6%
The parameters of the Binomial are µ=np=6 and variance σ2

= np(1-p)=5.64 (then σ is 2.37)
Use Normal (np>5)

= 1 – 0.93 = 0.07

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛ +−
Φ−=≤−=>

σ

µα
αα 2

1

1)(1)( kPkP

( )48.11
37.2
5.31

37.2
2
169

1)9( Φ−=⎟
⎠
⎞

⎜
⎝
⎛Φ−=

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛ +−
Φ−=>kP



GE02, Oct 22 – Nov 23 2007 © 2004-2007 Yurii Aulchenko Erasmus MC Rotterdam

Problem

The frequency of a genetic variant is 0.01
How many people you need to sample to have 
95% probability that at least one is carrier?
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Solution

P(at least one carrier) ≥ 0.95 
P(at least one carrier) = 

1 – P(no carriers) = 1 – 0.98n

1 – 0.98n = 0.95
0.98n = 0.05

n = ln(0.05)/ln(0.98) = 148.28
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Problem

The frequency of a genetic variant is 0.01

How many people you need to sample to have 95% 
probability to have at least THREE carriers?
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Straight solution

P(≥3 carriers) ≥ 0.95 

1 – P(0 carriers) – P(1 carrier) – P(2 carriers) ≥ 0.95

1 – [0.98n] – [n⋅0.02⋅0.98n-1] – [½⋅n⋅(n-1)⋅0.022⋅0.98n-2] ≥ 0.95

[0.98n] + [n⋅0.02⋅0.98n-1] + [½⋅n⋅(n-1)⋅0.022⋅0.98n-2] ≤ 0.05

?!!? Solution ?!!?
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Using Poisson

As p is low (0.02), Poisson approximation may 
work well



GE02, Oct 22 – Nov 23 2007 © 2004-2007 Yurii Aulchenko Erasmus MC Rotterdam

Idea of solution

Event of interest is k≥3 
P(k≥3) = 1 – P(k≤2) ≥ 0.95
P(k≤2) ≤ 0.05

In Poisson, λ = np
If you find out what λ gives P(k≥3)=0.95, then n 
is λ/p
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Solution

At k=2
λ=6.2 gives P(k≤2) = 0.054
λ=6.4 gives P(k≤2) = 0.046

Therefore sample size should be between 
6.2/0.02 = 310 and
6.4/0.02 = 320
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Solution with Normal 1

P(k≥3 carriers) = P(>2 carriers) 
P(k>2 carriers) ≥ 0.95

µ = 0.02 n ; σ2 = n 0.02 0.98 
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Solution with Normal 2

Use table:
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Solving quadratic equation

If there is equation of the form 
A √n – B n = – C

Solution is 
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Answer is…

2
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335
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0008.0
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Binomial computations: exercises session
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Useful excel functions

Cumulative binomial Pn,p(x≤k)

=binomdist(k,n,p,1)

Cumulative standard normal Φ(x≤k)

=normdist(k,0,1,1)

Poisson Pλ(x≤k)

=posisson(k,λ,1)

Chi-squared with m d.f., χm
2(x≥k)

=chidist(k,m)


