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Binomial distribution at different N
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Normal approximation of Binomial

● n must be large, say >100
● If np > 5, use Normal approximation

– Pµ,σ,(x) = 

– where mean µ = np and variance σ2 = np(1-p)



Poisson approximation of Binomial

● If np is about 1-4, use Poisson approximation

– Pλ(x) = 

– where λ = np



Approximating Binomial
p=0.5, n=10, 25, 50
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Approximating Binomial
p=0.19, n =10, 25, 50
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Approximating Binomial
p=0.01, n =10, 25, 50
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Standard Normal distribution

● Normal distribution with mean 0 and variance 1

● We know a lot about this distribution and many 
statistical techniques are based on that



Facts about Standard Normal

● P(x≤1) = 0.84 P(-1≤x≤1) = 2 0.84 – 1 = 0.68 (68%)
● P(x≤2) = 0.977 P(-2≤x≤2) = 2 0.977 – 1 = 0.045 (4.5%)
● P(x≤3) = 0.999 P(-3≤x≤3) = 2 0.999 – 1 = 0.003 (99.7%)
● P(x≤1.64) = 0.95 P(-1.64≤x≤1.64) = 0.1
● P(x≤1.96) = 0.975P(-1.96≤x≤1.96) = 0.05
● P(x≤2.57) = 0.995P(-2.32≤x≤2.57) = 0.01



P(x≤Z)=Φ(Z)
http://www.math.unb.ca/~knight/utility/NormTble.htm 



If k is Binomial with mean µ and variance σ2
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Problem

● Coin is tossed 200 times. 
● Estimate the chances that number of heads is 

between 95 and 105, included – that is to say that 
it deviates from 100 by 5 at most

● Solution
– Do it with Binomial
– Use Normal approximation



Answer

• Coin is tossed 200 times. Estimate the chances that 
number of heads will deviate from 100 by 5 at most

• The parameters of the Binomial are µ=np=100 and 
variance σ2 = np(1-p)=50 (then σ is 7.07)

Φ(0.79) – Φ(-0.79) = 1 – 2 Φ(0.79) = ???
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Number!

Φ(0.778) – Φ(-0.778) = 1 – 2 Φ(0.778) = 
= 2 0.785 – 1 = 0.57

We leave exact computations and comparison for 
the exercises session



Task

● Frequency of  a disease allele is 0.03
● In a sample of 100 people

– What number of carrier is expected?
– What is the chance to have 10 or more carriers?

● Assume HWE



Answer

• Carrier frequency is roughly 6%
• The parameters of the Binomial are µ=np=6 and variance 

σ2 = np(1-p)=5.64 (then σ is 2.37)

1 – 0.93 = 0.07















 +−
Φ−=>

σ

µα
α 2

1

1)(kP

( )48.11
37.2
5.31

37.2
2
169

1)9( Φ−=





Φ−=















 +−
Φ−=>kP



Task

● The frequency of some genetic variant is 0.01
● How many people you need to sample to have 

95% probability that at least one is carrier?



Solution

● P(at least one carrier) ≥ 0.95 
● P(at least one carrier) = 1 – P(no carriers) = 

1 – 0.99n 
● 1 – 0.99n = 0.95
● 0.99n = 0.05
● n = ln(0.05)/ln(0.99) = 298.07



Problem
● The frequency of some genetic variant is 0.01
● How many people you need to sample to have 95% 

probability that at least THREE is carrier?
P(≥3 carriers) ≥ 0.95 
P(≥3 carriers) = 1 – P(0 carriers) – P(1 carrier) – P(2 carriers)= 

1 – 0.99n – n 0.01 0.99n-1 – ½ n (n-1) 0.012 0.99n-2

1 – 0.99n – n 0.01 0.99n-1 – ½ n (n-1) 0.012 0.99n-2 = 0.95

0.99n – n 0.01 0.99n-1 – ½ n (n-1) 0.012 0.99n-2 = 0.05
● ??? 



Use Normal approximation

● P(≥3 carriers) = P(>2 carriers) 
● P(>2 carriers) ≥ 0.95
● µ = 0.01 n ; σ2 = n 0.01 0.99 
● 1 – Φ([2 – 0.01n + ½ ]/[0.099n]) = 0.95
● Φ([2 – 0.01n + ½ ]/[0.099n]) = 0.05
● [2 – 0.01n + ½ ]/[0.099n] = – 1.64 
● 1.64 0.099 n – 0.01 n = – 2 ½ 
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Solving quadratic equation

● If there is equation of the form 
A n – B n = – C

● The solution is 
n = [A2 + 2 B C + A  (A2 + 4 B C) ] / 2 B2



Answer is…

● 1.64 0.099 n – 0.01 n = – 2 ½
● n = [0.026 + 0.05 + 0.058]/[0.0002] = 670.4 

(671)


